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Motivation

0 AdS/CFT has been intensively studied for decades

© The primary example of AdS/CFT is the correspondence between N=4

super Yang-Mills (N=4 SYM) in 4D, and superstring in AdSs x S5

O Both theories are believed to be integrable in the planar large Nc limit

o0 Using integrability, some quantities can be computed as a function of

the 't Hooft coupling A\ = N, gf(l\/[’ interpolating the weak and strong
coupling regions

» Energy spectrum (2-point function)
* OPE coefficients (3-point function)

* Wilson loop vev ~ Scattering amplitudes



n-point functions in AdS/CFT

o0 nm-point functions are main local observables of QFT

O related to the fundamental problems of string theory in
AdSs x S°
» String interaction (gs)

 Needs an integration over the moduli space of

worldsheet (n = 4) in covariant formalism (RNS or PS)

0 computed by using conformal symmetry and integrability
* CODfOI'mal bOOtStI'ap [Polyakov (1973)] |Ferrara, Gatto, Grillo (1973)]

° Hexagonization [Fleury, Komatsu (2016)] [Eden, Sfondrini (2016)]



Hexagonization of n-point

o Construct directly planar n-point functions (n>2)

O (Generalized to non-planar corrections

Idea: triangulation (or hexagonization) of Riemann surfaces

~ open string field theory

Example: planar 4pt = 4 hexagons glued together

Gluing
— insertion of the resolution of unity

| — %: / dp | (p)) (¥(p)]

[Fleury, Komatsu (2016)] [Eden, Sfondrini (2016)]



Hexagonization of n-point

o Construct directly planar n-point functions (n>2)

O (Generalized to non-planar corrections

Idea: triangulation (or hexagonization) of Riemann surfaces

~ open string field theory

Example: planar 4pt = 4 hexagons glued together

Gluing
— insertion of the resolution of unity

| — %: / dp | (p)) (¥(p)]

[Fleury, Komatsu (2016)] [Eden, Sfondrini (2016)]

Generally: 3,,, — (49 + 2n — 4) hexagons

[Bargheer, Caetano, Fleury, Komatsu Vieira (2017, 2018)]
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¢ Sum over the moduli space for g > 1orn > 4
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Hexagonization of n-point

Problem 1

¢ Hexagonization & gluing procedures are quite complicated

¢ Sum over the moduli space for g > 1orn > 4

Problem 2

¢ External states are limited to single-trace

¢ Not known how to include multi-trace mixing

Complex scalars in N=4 SYM = (X,Y,Z,X,Y, Z)
Half-BPS state at finite Nc

Op =tr (Z%) + N7' DY c1mtr (Z™) tr (Z57™) +...




From 1/Nc to Finite Nc

New methods which complements integrability?

o Back to perturbation of N=4 SYM

[Brown, Heslop, Ramgoolam (2007)]

© Finite group method /de Mello Koch, Smolic, Smolic (2007)]

~ character expansion in (multi-)matrix model



From 1/Nc to Finite Nc

New methods which complements integrability?

o Back to perturbation of N=4 SYM

[Brown, Heslop, Ramgoolam (2007)]

© Finite group method /de Mello Koch, Smolic, Smolic (2007)]

~ character expansion in (multi-)matrix model

L __ R Operator basis labeled
tr Z —_ Z CRr O (Z ) by Young diagram
RHL
L L _ R Sr1rr7 cr = 0, 1 for
<tI‘ (Z )tI‘ (Z )> o Z CRCS(O (Z)O [Z]> single-trace

R,SHL

Results are valid
E :CR H (N —]—I—’I,) for any Nc
(Z’J)GR

[Kostov, Staudacher (1996)] [Kostov, Wynter, Staudacher (1997)]



Main results

Computed n-pt functions using finite-group methods

O Generalized to n-pt functions of free N=4 SYM at any
orders of 1/Nc

[RS (2018))]
O Free 3-pt of free N=4 SYM at any Nc [RS (2020)]
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0 After a finite Nc analysis, we can take non-trivial large Ne¢ limit

o Huge operators (like determinants) are interesting examples

A ~ N. — Giant gravitons (D-branes)
A ~ Nc2 — Deformation of AdSs x S°



Main results

Computed n-pt functions using finite-group methods

O Generalized to n-pt functions of free N=4 SYM at any
orders of 1/Nc

[RS (2018))]
O Free 3-pt of free N=4 SYM at any Nc [RS (2020)]

0 After a finite Nc analysis, we can take non-trivial large Ne¢ limit

o Huge operators (like determinants) are interesting examples

A ~ N. — Giant gravitons (D-branes)
‘ A ~ Nc2 — Deformation of AdSs x S° ‘

LLM geometry



2. LLM geometry and
background independence
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LLM geometry

0 General half~-BPS non-singular solutions of IIB supergravity

0 dual to half~-BPS operators Htr A

o with the residual symmetry psu(2|2)? D so(4)?

[Lin, Lunin, Maldacena (2004)]

2 dy® + (dz*)?

ds® = —2 hG (dt? + V; dx")" A - ye“dSgs ~CdQzs
S Y cos (dt? + z*)” 4 2ycoshG ye ss + ye 5
tanh G :
2= Oiz=—€;ydyVi, 0yz =yei; 0iV;, (e =1,2)
= z(z',z?,y=0) =4 o either S2 or S2 collapses

The sign choice defines a droplet pattern in the LLM plane



LLM geometry

= z(azl,azz,y =0) =4+ % either S® or S° collapses

The sign choice defines a droplet pattern in the LLM plane

AdSs x S5 (non-maximal) Concentric circles
giant graviton (extra symmetry)
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o LLM geometries are dual to the half~-BPS operators of
N=4 SYM with huge dimensions

0 The “LLM operators” can be constructed by

representation theory; Young diagram with huge boxes
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A VAE % Z x " (a) tr, (aZ®)
" €Sy

x'*(a) = St character of irrep R

7Z = diag(z1,22,...,2n.) = OF(Z) = Schur polynomial of {z;}

[Corley, Jevicki, Ramgoolam (2001)]



Schur operators

o LLM geometries are dual to the half~-BPS operators of
N=4 SYM with huge dimensions

0 The “LLM operators” can be constructed by

representation theory; Young diagram with huge boxes

A VAE % Z Y (o) trr (aZ®L)
" €Sy

x'*(a) = St character of irrep R

7Z = diag(z1,22,...,2n.) = OF(Z) = Schur polynomial of {z;}

Multi-trace structure of trp(aZ®Y) < Cycle type of a € S,

[Corley, Jevicki, Ramgoolam (2001)]



Multi-trace structure of tr;(aZ%®*) <« Cycle type of a € Sy,

1 2 3 4 5 1 2 3 4 5
1 2 3 4 5 1 2 3 4 5
a; = (12345) as = (12)(345)

trs (a1 Z%°) = tr (Z°) trs (a2 Z%°) = tr (Z*) tr (Z°)



Multi-trace structure of tr;(aZ%®*) <« Cycle type of a € Sy,

1 2 3 4 5 1 2 3 4 5

1 2 3 4 5 1 2 3 4 5

a1 = (12345) s = (12)(345)

trs (a1 Z%°) = tr (Z°) trs (a2 Z%°) = tr (Z*) tr (Z°)

Finite Nc constraints on the height of Young diagram R

N |N41N 2 (01(2) 0°(Z)) = 6"° Wtn, (R)
N-1 N = Wty (1) = N? (N? — 1) (N2 — 4)
N —2 Weight vanishes if height = Nc




AdS/CFT correspondence

LLM geometry with
concentric circles

\’_ -
AN
Yo
\’_ -
3

Ys

)

1

Y1

Schur operator with
staircase Young diagram

Y3

_________

Y1

——————————————————————————————————

I : T

[Lin, Lunin, Maldacena (2004)]



Adding excitations

© We can add/remove boxes (N=4 SYM scalars) to/from the

corners of the staircase Young diagram

O© This corresponds to stringy excitations over LLM geometry

———————————————————————————————————

Y3

Yo

Y1



Adding excitations

© We can add/remove boxes (N=4 SYM scalars) to/from the

corners of the staircase Young diagram

O© This corresponds to stringy excitations over LLM geometry

[ ] [ ] [ ] 4 _____ T
Distant corners approximation: Q
Assume that each corners are distant Ys

|
Ty ~ Y~ (’)(NC) > 1 @ ........

—~ (W i
Excitations at different corners <:) \n')

decouple in this new large Nc¢ limit "

———————————————————————————————————

[De Comarmond, de Mello Koch, Jefferies (2010)]
[Carlson, de Mello Koch, Lin (2011)]




LLM background independence

o Excitations in the su(2) sector (Z, W) attached to a corner

of B can be expressed by restricted Schur operators
ORa(r19r2)al~L+9F‘— < trL(aZ®m1 W®m2)

RI—L:(ml—I—mz), ’I°1|_m1, r2|—m2

[De Comarmond, de Mello Koch, Jefferies (2010)], [Carlson, de Mello Koch, Lin (2011)]



LLM background independence

o Excitations in the su(2) sector (Z, W) attached to a corner

of B can be expressed by restricted Schur operators
OR,(T1,7°2)9I«L—|-,IJJ— < trL(aZ®m1 W®m2)

RI—L:(ml—I—mz), ’I°1|_m1, r2|—m2

0 N=4 SYM operator attached to a corner of B is

O+R,(+r1,rz),u+,u—, (_|_R = R + B’ +ri =7r1 + B)
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LLM background independence

o Excitations in the su(2) sector (Z, W) attached to a corner
of B can be expressed by restricted Schur operators
OR,(rl,TZ),I«L-|-,IJJ— < trL(aZ®m1 W®m2)

RI—L:(ml—I—mz), ’I°1|_m1, r2|—m2

0 N=4 SYM operator attached to a corner of B is

O+R,(+r1,rz),u+,u—, (_|_R = R + B’ +ri =7r1 + B)
© The action of one-loop dilatation in the su(2) sector on the
restricted Schur operators has been computed

R,(T1,72) 0y st __ Z R,(r1,72),4 10— T,(t1,t2),vy,v_
D O o MTa(tl at2)7’/+9’/— O
T,t]_,z,l/:l:

[De Comarmond, de Mello Koch, Jefferies (2010)], [Carlson, de Mello Koch, Lin (2011)]



LLM background independence

O In the distant corners approximation, the one-loop mixing

matrix M?3;; with background ‘B coincides with M;; without

background ‘B, up to a simple rescaling depending on ‘B

+Ra(+rlar2)ap’+9ﬂ'— _ Ra(rlar2)aﬁl’—|—aﬂ'—
M‘l‘Ta("‘tl’tZ)aV—l—aV— o MT,(tlat2)9V—|—aV— (Nc — Neff)

[de Mello Koch, Huang, Tribelhorn (2018)]



LLM background independence

O In the distant corners approximation, the one-loop mixing

matrix M?3;; with background ‘B coincides with M;; without

background ‘B, up to a simple rescaling depending on ‘B

M+R,(+'r1,'r2),u+,u— _ MR’(rl’rz)’”+’“_ (Ne — Negy)

+T,(+t1 ,tZ)aV—I— oV —

T,(t1 7t2)9’/—|— oV —

O Therefore, there is a one-to-one map between small operators
and LLM operators of N=4 SYM (B independence)

O,

OB

(o

2

R,r1,2 Y

2

R,r1,2,14+

CRa(rl ,7“2),;1,_|_ 'L —

CR,(r1,72) 14 10—

ORa(rl sT2) st s b — <~

O+R,(+7°1 yT2) s+ s b —

[de Mello Koch, Huang, Tribelhorn (2018)]



3. Free n-pt function
from permutations
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Free 2pt in permutation basis

Write six scalar fields in N=4 SYM: ®4r ¢ (X,X,Y,Y,Z,Z)
Permutation basis of multi-trace operators

O£1A2.”AL — trL(a @Al ® @Az ® .. e ® @AL)
Nec
= ) (@)@ (@422 L. (9Ar)r

Ao (1) Ao (2) Ao (L)
ai.,az...,ar =1



Free 2pt in permutation basis

Write six scalar fields in N=4 SYM: ®4r ¢ (X,X,Y,Y,Z,Z)
Permutation basis of multi-trace operators

OélAz...AL — trL(a @Al ® @Az ® .. e ® @AL)
N

— A]_ A2 AL
o Z ((I) )a'a(l)( )a'a(2) ( )aa(L)

ai.,az...,ar =1
Explicitly: (’)g’m’”) = try, (a Xt y®m Z®”)

Flavor symmetry : (’)g’m’") = (’)(l ™) (VY€ S QS ® Syn)



Free 2pt in permutation basis

Write six scalar fields in N=4 SYM: ®4r ¢ (X,X,Y,Y,Z,Z)
Permutation basis of multi-trace operators

OélAz...AL — trL(a @Al ® @Az ® .. e ® @AL)
N

— A]_ A2 AL
o Z ((I) )a'a(l)( )a'a(2) ( )aa(L)

ai.,az...,ar =1
Explicitly: (’)g’m’”) = try, (a Xt y®m Z®”)

Flavor symmetry : (’)g’m’"‘) = (’)(l ™) (VY€ S QS ® Syn)

Tree-level 2pt functions

(Ogim,n) (x) 62;771,71) (0)) = ‘w‘—2(l—|—m—|—n) Z Nf(al’)’az’y
WESl®Sm®Sn

_1)



Free 2pt in permutation basis

Write six scalar fields in N=4 SYM: ®4r ¢ (X,X,Y,Y,Z,Z)
Permutation basis of multi-trace operators

OélAz...AL — trL(a @Al ® @Az ® .. e ® @AL)
N

— A]_ A2 AL
o Z ((I) )a'a(l)( )a'a(2) ( )aa(L)

ai.,az...,ar =1
Explicitly: (’)g’m’”) = try, (a Xt y®m Z®"’)

Flavor symmetry : (’)g’m’") = (’)(l ™) (VY€ S QS ® Syn)

Tree-level 2pt functions

(OL™™ (@) 0™ (0)) = [af72Hm4m N NClaean )
WESl®Sm®Sn

C()\) = # of cycles in A € Sz, C(id) = c((1)(2)(3) . (L)) —



Free n-pt in permutation basis?

Problems

1. Expects (O1...0,) ~ NE(@1an) " hut a; € Sp, # St,

2. Should sum over the bridge lengths £;; € Z>¢q it n > 4

£;; = # of contractions between (O;, O;)



Free n-pt in permutation basis?

Problems

1. Expects (O1...0,) ~ NE(@1an) " hut a; € Sp, # St,

2. Should sum over the bridge lengths £;; € Z>¢q it n > 4

£;; = # of contractions between (O;, O;)

Solutions

1. Extend the operator, O, = O,, X tr (1)L~ (&; € Si)

L = — L; = Total of contractions
5D #

()

2. Include the sum over {¥¢;;} in the sum over permutations



Example (BPS 3pt)

Neglecting the trivial spacetime dependence, 3pt=0OPE
Cooo = (010203) = <tPL1 (1 Z®%1) trp, (@2 Z2%12) trp, (a37®L3)>

— I_I ~
2070 = 70 70 — 70 70 — 59 5

a ¢

=(Z+Z+Y -Y)



Example (BPS 3pt)

Neglecting the trivial spacetime dependence, 3pt=0OPE

Cooo = <010203> — <trL1 (041Z® ) trr. (aZZ(X)Lz) trL3 (a37®L3)>

R b d |b_I d sb > — —
2o, =2,24,=2,2,=0,0,, Z=(Z+2Z+Y -Y)
O, 1 7

U Uyt




Example (BPS 3pt)

Neglecting the trivial spacetime dependence, 3pt=0OPE

Cooo = (010203) = <trL1 (O‘lZ@ ) trp, (a2Z®L2) tre, (a3Z®L3)>

b 5d b Ad Ib_ld d <b = — ~
4. 72, =27Z =Z 7Z_ A =o0,0,, Z=(Z+4+27Z+Y —-Y)
e e L _i___ .

O, 1 7 ‘ <

Ul %,;

2

Cooo — Z O, 1

(Ul 7U2 ,US)ESL

U Us
« Each line represent Wick contractions O3 w 1
* There are L lines in total U3U1_1
* Wick contraction hits two Z’s and one 1 b | | I

* Line positions are permuted by U’s v



Free n-pt in permutation basis

1) Define the extended operator by adding identity fields

L
A T, _ A )
Oqj — Oa,,; X tr (1) — H (@ v gzc.;cf,;(p)
p=1
_ A (2) ~N N 4
D

&i:aiolfiESL, L; =L — L;, A



Free n-pt in permutation basis

1) Define the extended operator by adding identity fields

L
. . _ AWM
Oqj — Oa,,; X tr (1)L — H (@ v gzO;Lr,;(p)
p=1

_ A (3) _ _ _
p

&i:aiolfiESL, L; =L — L;, A

2) Introduce n-tuple Wick contractions

I | | I
Ai\b Ao\ b As\b A \b, _ 1 A{A-...A, <bo b b,
(<I> 1)a,}1 (<I> 2)az2 (<I> 3)a?;, (<I> )an = h12 50,21 5(;’; 50,1

equal to g4 if A, =1 (Vk # 14, j), otherwise vanish



Free n-pt in permutation basis

1) Define the extended operator by adding identity fields

O; = O, X tr (1)L = H(@A(”

p=1

aaz(p)

&i:aiolfiESL, L; =L — L;, A

2) Introduce n-tuple Wick contractions

I
(@) (@2)0 (@A) .. (@A) = pAsAnAn g g gt

equal to g4 if A, =1 (Vk # 14, j), otherwise vanish

3) Take all n-tuple Wick contractions, specified by

(Uy,Us,...,U,) € S®"



Free n-pt in permutation basis

Formula

Notation:

Redundancy:

G, = Uyt 6 Ui, AR = Ap),

U, — U,V (Vk, V € S51)

[RS (2018)]



Free n-pt in permutation basis

Formula

1
<HO(‘“> LT, (& — Lot

Redundancy of V' Redundancy of permuting identity fields

L
Z (H hA;UA;z)...A;”)) NC(G1 éz ... &n)
C

n —1
{U;3esP™ \P

All possible Wick  Flavor factor to remove unwanted Wick
. ~ —1 A k k
Notation: a = U, " ap Ug, A( ) = A%;k)(p)

Redundancy: U, — U,V (Vk, V € S1)

[RS (2018)]



4. Free 3pt function
at finite Nc
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From Permutation to Representation

0 Needs representation basis to impose finite Nc

O Fourier transform on finite groups:

Permutations (algebra) < Representations (matrix)

a €S, + Dj¥(a), RFL, (i,j =1,2,...,dg)

dimension of St irrep R

O Various useful identities
¢ Grand orthogonality
¢ Character expansion of class functions
¢ Schur/Weyl duality



From Permutation to Representation

0 Needs representation basis to impose finite Nc

O Fourier transform on finite groups:

Permutations (algebra) < Representations (matrix)

aESLHDR(a),RI—L (2,7 =1,2,...,dR)

dimension of St irrep R

O Various useful identities
¢ Grand orthogonality
¢ Character expansion of class functions
¢ Schur/Weyl duality

I

> Dii(o)Dg(o7") = —— dudju

ocESt R



From Permutation to Representation

0 Needs representation basis to impose finite Nc

O Fourier transform on finite groups:

Permutations (algebra) < Representations (matrix)

aESLHDR(a),RI—L (2,7 =1,2,...,dR)

dimension of St irrep R

O Various useful identities
¢ Grand orthogonality
¢ Character expansion of class functions
¢ Schur/Weyl duality

0(8) = Z dr x®(8), xB(B) = ZD (B)

RI—L



From Permutation to Representation

0 Needs representation basis to impose finite Nc

O Fourier transform on finite groups:

Permutations (algebra) < Representations (matrix)

a €S, + Dj¥(a), RFL, (i,j =1,2,...,dg)

dimension of St irrep R

O Various useful identities
¢ Grand orthogonality
¢ Character expansion of class functions
¢ Schur/Weyl duality

N = % Dimpy(R) x"(o)
RHL

dimension of SU(Nc) irrep R



Restricted Schur Basis

Define the standard basis (Young-Yamanouchi patterns)

R 1]2 1]274| [1]3]4
1>’ (I=1,2,...,dr), e.zg {4 e e




Restricted Schur Basis

Define the standard basis (Young-Yamanouchi patterns)

R 1]2 1]274| [1]3]4
1>’ (I=1,2,...,dr), e.zg {4 e e

Irreducible decomposition of R by the restriction to subgroup

9(7“1 sT°2,7°3 ;R)

SLL(SiI®8m®Sn), R=FH P (T19rers),

™1 -1 [Lzl
robkm
rskn




Restricted Schur Basis

Define the standard basis (Young-Yamanouchi patterns)

R 1]2 1]274| [1]3]4
I>, (I=1,2,...,dr), e.zg {4 e e

Irreducible decomposition of R by the restriction to subgroup

g(rl ,’I"% s7°3 ;R)

SLL(SiI®8m®Sn), R=FH P (T19rers),

™1 -1 [Lzl
robm

ra—n  Multiplicity label
Littlewood-Richardson (LR) coeff.




Restricted Schur Basis

Define the standard basis (Young-Yamanouchi patterns)

I

R
>, (I=1,2,...,dr), e.g. {1

2|3

1

2

4

1

3

4

3

712

Irreducible decomposition of R by the restriction to subgroup

g(rl ,’I"% s7°3 ;R)

SLL(S1®Sm®Sn), R= P

™1 |—l
robm
rskn

D

p=1

(r1 ®r2®rs),

Multiplicity label
Littlewood-Richardson (LR) coeff.

Define branching coefficients as the split-standard transform

R T1 .72 ,73), Ririror
BR—( 3)u:<I‘123H>’ (BT)

R—>(’T‘1 'y '2 77'3)3[1' -
I_>(zl 77:2 a":3)

r1 T2T3
11 12 13

R
FL‘I>



Restricted Schur Basis

Define the restricted Schur character by

R,(’I"]_,’T‘Q,T'3),V_|-,1/_ — >1 >1 R—>(’T‘1,’r'2,r3)y+ T\R—(r1,r2,73),0_ R
X (@) =2 2 Bilgjk (B™) 5 ik D75(o)
I,J %,3,k

Define operators in the restricted Schur basis by

OR:(r1,72,78) v v (X,Y, Z]

— 1 : Z XR,(Tl yT2,73) V) U (a) tr g (a X®m1 Y®m2 Z®m3)

m1q! mo! ms! =iy

The res. Schur respects the symmetry (or redundancy)

Oc(xl,m,n) — try (aX®lY®mZ®n) — O(l,m,n) (V’Y c Sl X Sm X Sn)

vy~ lay



Quiver calculus

Diagrams for simplifying representation-theoretical quantities

« Multiplication of representation matrices

I

I <|]| I 4

Diy(o) = [a] = |o7! Diy(oT) ZD (0)Dgy(1) = [o7] = T
|

J I J 7

- Branching coefficients with a multiplicity label
I 1 J

R = @ (r1 @ 72), Bf_?gjl)’”)” = —
v

[de Mello Koch, Smolic, Smolic (2007)] [Paskounis, Ramgoolam (2013)] [Mattioli, Ramgoolam (2016)]



Quiver calculus

Diagrams for simplifying representation-theoretical quantities

« Characters and restricted characters

(o) = xB(o ) = o Y B2 (v v-) (g) = o _

- Identity with branching coefficients

1
| Y
107 If v € St is written as
B Y =71072 € 5] X S,
N 12 ~ passes through Bf_?(gi;)’mw
0 J

z J

[de Mello Koch, Smolic, Smolic (2007)] [Paskounis, Ramgoolam (2013)] [Mattioli, Ramgoolam (2016)]



Quiver calculus

Diagrams for simplifying representation-theoretical quantities

« Characters and restricted characters

v, vy
Y /'\
XR(O) _ XR(J—l) _ o XR(”I‘l,’I‘2)(I/+,1/_)(O.) _ o — 51
N\
V_ V_
» Identity with branching coefficients ~oy 1
1
| Y
107 If v € St is written as
B Y =102 € S; X S,
n 7 ~ passes through Bf_?(gr;)’m)y
0 J

0 J
[de Mello Koch, Smolic, Smolic (2007)] [Paskounis, Ramgoolam (2013)] [Mattioli, Ramgoolam (2016)]



Quiver calculus

Diagrams for simplifying representation-theoretical quantities

« Characters and restricted characters

v, 2
Y /'\
XR(O') p— XR(O'_]‘) — 0) XR(rlaTQ)(V+7V—)(0') — 0) — 0-_1
V_ V_

» Identity with branching coefficients (~, 0 v,)o (v, 0 ~v5) "

I
| Y
107 If v € St is written as
B Y =7910792 € Si X Sm,
N 12 ~ passes through Bf_?(gr;)’mw
g J i J

[de Mello Koch, Smolic, Smolic (2007)] [Paskounis, Ramgoolam (2013)] [Mattioli, Ramgoolam (2016)]



3pt function in the res. Schur basis

BPS 3pt in permutation basis

oo = (2, (01 Z99) 1510 597) 1, (007

We derived 3pt formula by using extended operators

(’)g;“f”[z, ]_] = trL,,; (Oﬂf,;Z(X)Li) X tr (1)3":, fz Lz = L

Partial Fourier transform (only for non-identity fields)

1
L;!

ORIz, = — 3 xFi(a;) 0% (2,1)

a; €ESL,



3pt function in the res. Schur basis

BPS 3pt in permutation basis

oo = (2, (01 Z99) 1510 597) 1, (007

We derived 3pt formula by using extended operators

O(L“L )[Z ]_] = tI’L (Oﬂ,,;Z(X)Li) X tr (1)3":, fz L, =1L

Complete Fourier transform

Oz = D> 3 dux(a) 0L 1Z,1]
t; mL; &i€ESL, X1,

* Fourier Transform of the o-function = uniform distribution

 FT of identity fields = sum over all representations



3pt function in the res. Schur basis

BPS 3pt in permutation basis

oo = (2, (01 Z99) 1510 597) 1, (007

We derived 3pt formula by using extended operators

O(L“L )[Z ]_] = tI’L (OﬂiZ®Li) X tr (1)3":, fz L, =1L

Complete Fourier transform

Oz = D> 3 dux(a) 0L 1Z,1]
t; mL; &i€ESL, X1,

We compute BPS 3pt in the res. Schur basis, defined by

~

Covo = (07" [2,1) 07202 (2,1) 65 "[Z, 1))



3pt function in the res. Schur basis

Substitute everything

Cia3 = . 1 _ 1 Z H LA ) AGa () AU () >
. L;! (L;1)? L!

=1 {U;}esP® \P=1

Z (ﬁ du) Z (ﬁ XR'LW??(@?;)) NCC(Uflm Ui U, ' &2 U2Uy ' &3 Us)

This equation looks awfully complicated, but can be simplified
by using the representation theory of finite groups and other

methods. Let me briefly explain how.



3pt function in the res. Schur basis

Substitute everything

~ 1 1 L AM 4@ 4(3)
Cli23 = 3 — Z H h™ Ui U2(p) " "Us(p) | X
|1 L;!'(L;")? L!

Z (ﬁ du) Z (ﬁ Ri®ti (6;) ) NCC(Uflal U,U; ' a2 U2Uz ' G Us)

{til_ffi,} 1=1 {(’)L,;ESL?: lei}

From Schur-Weyl duality

NY©@) = " Dimpn(R) x*(o)
R+-L



3pt function in the res. Schur basis

Substitute everything (v2)

~ 1 1 L AL A@ 46
Ci23 = — — Z H hAv1 A Ause | x
[To_, Li! (T:!)2 L!

> (E[l dti> 3 Y Dimn, (R) x

{t;-L;} {&.€S5¢L, lei} R+L

3
(HXRi@ti(&i)ngi(@i)> D%, (U,U; ")D% , (UU5 ") DR, (UsU;
1=1



3pt function in the res. Schur basis

Substitute everything (v2)

L

~ 1 1 (1) (2) (3)

0123 — 3 — hAUl(p)AUz (p) AUs(p) X
[T5_, L:! (L) L! 2\l

{U;}es®? \p=1

) (Hch) > |d Dimn(R) X

{t:+L:} {6:€50, X1, }|RFL

3
(H XRi®ti (I&'z»DgJ} ‘(3&”) Fi i (UlU—l)DJZI3 (U2U3_1)DJ311 (U3U1_1)

Grand orthogonality
I K 1

/II(\ I K

1 hid 1 hi RS \7\
o2 [ o2 @ o] -

R 20 SR\

L J L

J L J

—_




3pt function in the res. Schur basis

Substitute everything (v2)

~ 1 1 (1) (2) (3)
Ci2s = —5 — Z H hAY: 0 AU ) AUs ) | %
Hi:l L;! (Li!) L!

{U;}es®? \p=1

Z (H dm) Z Z DimNC(R) X
{t;-L;}

1=1 {&i€SL, X1 } R+L

3
<H XRi@ti (&’&)ngz'(&’b)> Jqi 1o (UlU—l)DJ213 (U2 )DJ3_[1 (U3U1—1)
=1

Projector QZIR;* sub fr.om irrep R to subrepresentation R; ® t;
Q(Riat R)
siGues). R- @ @ O ®en.

R -L; T, L,



3pt function in the res. Schur basis

Substitute everything (v3)

> AR ) AD 0y AU, 0y AU (o)
Cl23 — H L ' I H h 1(P 2 (P 3(p X
1=1

{U;}es® \p=1

Z DimNc (R) v

R+L AR, AR, AR,

Z (H @R_)S“b> JlI2(U1 2_1)Dles(U2U_1)DJ311(U3U1_1)

{T;,pi }



3pt function in the res. Schur basis

Substitute everything (v3)

~ S 1 1 L AL 4@ 46
G = (1 zg) | X (L Wihetin i)

=1 {Ui}65?3 p=1
Z Dimp_ (R) y Wick contraction factor
Ay GR.AR: AR, reduces the sum range of U's

Z (H QZR_) SUb> JlI2(U1U_1) Dleg(UZU_l) DJ3I1(U3U1_1)

{T:,pmi}



3pt function in the res. Schur basis

Substitute everything (v3)

~ S 1 1 L AL 4@ 46
Cmn= (g ) g [ ILwomaio))

=1 {Ui}es?je' p=1

3 Dimp, (R) y U; € S., @1, = S;

dR1 dRz dRs

RHL

. \
Z (H @F?S%) J112(U1U_1)DJ213(U2U_1)DJ311(U3U1_1)

{T;,pi} \1=1

The restricted U's commute with the projector,
and annihilate with each other



U, Ut
" Dimy (R
Crog ~ 3 2l 5
Rrr RS resy (-
V14
Vo
Dimy, (R
~Y N B) i (e
~— dR,dR,dR,
RFL :
V14

/N

AN

-=-- Vo_
—1 /
Uy Us =<
Vo_
V3+
/
/
V3_




2

/N

dr,dRr,dR,

A

RFL

Product of triple

projectors



Product of

(generalized)

Wigner’s

67 symbols




Generalized Racah-Wigner tensors

* Wigner’s 67 symbol ~ Associativity of triple tensor product

J1  J2  Ji+2
\j3 J j2+3)

t : Hom((j1 ® j2) ® js, J ) — Hom(j1 ® (j2 ® js), J )



Generalized Racah-Wigner tensors

* Wigner’s 67 symbol ~ Associativity of triple tensor product

( )

I JJZ Jivz o Hom((jl ® J2) ® I3, J) — Hom(jl ® (J2 ®j3)9J)
\33 J2+3 /

- Similarly, consider two ways of double restriction

St 4 (Spi+10, ®SL;) 4 (SL, ® Sp, ® Si;)
St \l/ (SLl X SLz-l-Ls) \l’ (SLl X SLz X SLs)

« Define generalized Racah-Wigner tensor by

NV

/
V. p



Generalized Racah-Wigner tensors

* Wigner’s 67 symbol ~ Associativity of triple tensor product

( )

I JJz Jivz o Hom((jl ® j2) & Js, J) — H0m<j1 ® (J2 ®j3)9J)
\33 J2+3 /

- Similarly, consider two ways of double restriction

St \L (SLl-I-Lz ® SL3) \l/ (SLl ® SLz ® SL3)
St \L (SLl X SLz-l-Ls) \l’ (SLl X SLz X SLs)

« Define generalized Racah-Wigner tensor by

/ a

a
N oﬂ“’
b u ’-QA T




Main results

« 3pt function of half-BPS operators in the restricted Schur basis

Cooo = (ﬁ %:) 3 Dimy, (R) DS (ﬁ in) G123

. 4 dr.dr. dgr il il <\ :
1=1 . 2 ° Qi+Ly Q2+Ls Qs-L, \i=1

RFEL

* Sum over all possible Q’s satisfying

Ri=Q'®Q:, R =Q:RQ%, R3=Q:QY, R=Q' ® Q; ® Q;

* (123 is given by the overlap (triple product of RW tensors)

61 Q§ Rl

O, Q1

~

O3




Main results

Permutation basis Restricted Schur basis

| 1
O 1 4 :
U1, : N )
X : C)l 623 ]%1
C}z 1 :
1 : Oy oH
U2l :
= L0 Q3
UsU; ! : -
| |1 : R
1,2,. L :

We conjecture that Gizs is written by LR coefficients

g(Q1,Q2; R1) g(R1, Q35 R) g(Q2, Q3; R2) g(R2, Q13 R) 9(Qs, Q1; R3) g(Rs, Q2; R)

G123 =

g(¢219¢229¢2351%)2



Another example
Fourier transform of <trL1 (al X B b1 —h2) 3 ORs Z®(£12—h3+h2)) X
trr, (az XMy ® (23 —hiths) 7®(£12_h3)) X

trL3 (043 X®(£31—h2-|—h1) ?®(£23—h1) 7®h2)>

3 ] R
L;! Dimn (R
B <H > Z NC( ) (dCI1 dCI2 d"“l d"“s d82 dss) X

_.'
1=1 L?’. Rl_L de dRz dR3

Vi— Va4 SlV2_V3z4 SlV3_Vif 4
0 : ) G}

= overlap given by

S2 S3

S2 S3




Background independence of OPE coefficients

O Recall that LLM operators can be constructed by
attaching a Young diagram (for Z’s) to the background ‘B

r= (+r) =




Background independence of OPE coefficients

O Recall that LLM operators can be constructed by
attaching a Young diagram (for Z’s) to the background ‘B

o LR coefficients satisfies the useful identity at large Nc

g(r,s; R) ~ g(+r,s;+R), (N.>1)

© This suggests background independence of 3pt at large INc

~LLM
Cooo

LLM

~ (B dependent numerical factor C
00O

N.— N

also depends on ‘B



5. Summary



Conclusions and Outlook

o Studied free n-point functions of N=4 SYM at finite Nc

using finite-group methods

o Non-trivial large Ne¢ limit of N=4 SYM should be dual to
LLM geometry

o Showed that 3pt functions are in

the new large Nc limit (with a conjecture on Gi23)



Conclusions and Outlook

o Studied free n-point functions of N=4 SYM at finite Nc

using finite-group methods

o Non-trivial large Ne¢ limit of N=4 SYM should be dual to
LLM geometry

o Showed that 3pt functions are in

the new large Nc limit (with a conjecture on Gi23)

O 4pt functions at finite Nc? Bootstrap?
[Lin (2020)]

o How to prove the conjecture on Racah-Wigner tensor? (c.f. knots)
[Itoyama, Mironov, Morozov, Morozov (2012)] [Nawata, Ramadevi, Zodinmawia (2013)] [Morozov, Sleptsov (2019)]

o Application of finite-group methods? (e.g. octagon frame)
[Coronado (2018)] [Bargheer, Coronado, Vieira (2019)] [Belitsky, Korchemsky (2019,2020)]



Thank you for listening



Bootstrap in large Nec CFT

o In CFT, 2pt + 3pt — n-pt

‘?

o In large Nc CFT, <2pt + 3pt) — (n—pt) N.=o0

N,.—=oc0



Bootstrap in large Nec CFT

o In CFT, 2pt + 3pt — n-pt

‘?

O In large Nc CFT, (2Pt + 3pt ) - (n—pt)N —oo

N.=0oc0 c=

Take 4pt function of N=4 SYM, expand in OPE limit




Bootstrap in large Nec CFT

o In CFT, 2pt + 3pt — n-pt

‘?

O In large Nc CFT, (2Pt + 3pt ) - (n—pt)N —oo

N,.—=oc0 c

Take 4pt function of N=4 SYM, expand in OPE limit

intermediate state: 3pt interaction:

Consistent with the 2 & 3pt data

[Basso, Coronado, Komatsu, Lam, Vieira, Zhong (2017)]



Bootstrap in large Nec CFT

o In CFT, 2pt + 3pt — n-pt

‘?

O In large Nc CFT, (2Pt + 3pt ) - (n—pt)N —oo

N.=0oc0 c=

Take 4pt function of N=4 SYM, expand in OPE limit

intermediate state: double-trace 3-pt interaction: extremal

Extremal 3pt = Multi-trace mixing coefficient (non-planar 2pt)



Bootstrap in large Nec CFT

o In CFT, 2pt + 3pt — n-pt

‘?

o In large Ne¢ CFT, (2Pt + 3pt) — (n—pt) Ne=o0

N,.—=oc0

this does not always work

Take 4pt function of N=4 SYM, expand in OPE limit

intermediate state: double-trace 3-pt interaction: extremal

Extremal 3pt = Multi-trace mixing coefficient (non-planar 2pt)



Hexagonization of n-point

The ‘‘simplest” 4pt functions were computed more explicitly
O, = tr (Z?*), tr (W?*), tr (Wkik) + (permutations), ...

(Oo(x1) Oo(x2) Oo(x3) Oo(x4)) = (tree-level) X O(\, N.)?

Octagon function can be computed if £k ~ /N, > 1

[Coronado (2018)] [Bargheer, Coronado, Vieira (2019)] [Belitsky, Korchemsky (2019,2020)]



B D E

Finite Ne¢ [Tl 2 DML GAZE A RED B S

AdS/CFT Instantons, S-dualities
BPS ;\Eﬁzﬁ%@s&j—&_ 'ﬂ_/.: [Beem, Rastelli, van Rees (2013)]

[Corley, Jevicki, Ramgoolam (2001)]

JF BPS EETOXIA1L N=2 SYM DJFFrt
't Hooft JL—7fH1E (non-BPS data for N=4 SYM)

[Binder, Chester, Pufu, Wang (2019)]
[Binder, Chester, Pufu, Wang, Wen (2020)]

ccnon-planar integrability”

[Carlson, de Mello Koch, Lin (2011)]

LLM geometry Consistent with (analytic
‘“integrable subsector” bootstrap of) AdSs x S5

[de Mello Kim, Zyl (2018)] [Alday, Bissi (2017)] [Alday (2018)]



