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Ri
h physi
s has been dis
overed inString/M Theory $ Super
onformal Field TheoriesNoteworthy examples are:4 E�e
tive Theory on Dp-branes in 
at spa
ee.g. p = 3 ! N = 4; D = 4 super Yang-Mills4 E�e
tive Theory on Membranes in 
at spa
e?Coin
ident N M2-branes probing C 4=Zk singularity $N = 6; D = 3 Chern-Simons-Matter theorywith SU(N)k � SU(N)�k symmetry[Aharony Bergmann Ja�eris Malda
ena℄



The ABJM Model
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This is an N = 6 Chern-Simons theory 
oupled to matter,Or Extension of the BLG model with 
omplex fab
d [Bagger Lambert, Gustavsson℄4 Contents: Bifundamental s
alars Y A ; Y yA , Chern-Simons �eldsA� ; ~A� (not dynami
al), and spinors  A ;  
A (A = 1; 2; 3; 4)4 Coupling 
onstant � � N=k 
an be small �� 14 The SU(2)k � SU(2)�k theory is equivalent to the BLG model

Type IIB brane setup [Hanany Witten (1996), Kitao Ohta Ohta (1998)℄



Gravity Duals
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The ABJM model has two dual gravity ba
kgrounds:4 M Theory on AdS4�S7=Zk for k� N1=54 IIA Superstring on AdS4�C P 3 for k� N1=5

1. Take the near-horizon limit of the bla
kbrane solution,ds2 = f�3=2ds2R1;2 + f1=3 �dr2 + r2d
S7� ; f = 1 + 32�2N 0`6pr6! (R2=4)ds2AdS4 +R2ds2S7; R = �32�2N 0�1=6 `p2. Take the Zk quotient, zi � e2�i=kzi ; RS7 �F4 = kN3. Rewrite S7=Zk as S1=Zk �bration of C P3ds2S7=Zk = 1=k2 (d'+ k!)2 + ds2CP 3 ; ' � '+ 2�) The 11th dimension is 
hara
terized by R=(k`p) / (kN)1=6=k
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The ABJM model has two dual gravity ba
kgrounds:4 M Theory on AdS4�S7=Zk for k� N1=54 IIA Superstring on AdS4�C P 3 for k� N1=5

Type IIA ba
kground:
ds2 = R2s �14 ds2AdS4 + ds2C P3� ; Rs � Rk1=3 = 4�r�2 ;

where � � Nk = �gsN2�2=5;with RR 
uxes F4 / R3 and F2 / kSupergravity approximation is valid for 1� �� N4=5
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The AdS4/CFT3 possesses \integrability" as in AdS5/CFT44 Diagonalization of Dilatation operator �hO(x)yO(y)i � jx� yj�2� ; (�0 + Æ�)AB jOBi = �A jOAiÆ� is the Hamiltonian of an integrable alternating spin 
hain,Æ� = �22 2LX`=1 (2� 2P`;`+2 + P`;`+2K`;`+1 +K`;`+1P`;`+2)[Minahan Zarembo, Bak Rey℄4 Classi
al integrability of IIA superstringGreen-S
hwarz a
tion on AdS4�C P 3 [Arutyunov Frolov, Stefanski℄) Osp(2; 2j6)=[SO(3; 1)� U(3)℄ super
oset sigma modelClassi
al spe
trum 
lassi�ed by algebrai
 
urves [Gromov Vieira℄
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Multiparti
le S-matrix fa
torizes in integrable theoriesBAE are the periodi
ity 
onditions with fa
torized s
atteringseipjR = Qk 6=j S(pk; pj)Two-loop BAE of ABJM are similar to one-loop BAE of N = 4 SYM: up;j + i2Vjup;j � i2Vj
!L = Y(k;q)6=(j;p) up;j � uq;k + i2Mjkup;j � uq;k � i2Mjk

Mjk is a super-Cartan matrixVj is the Dynkin label of theve
tor representation.
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Multiparti
le S-matrix fa
torizes in integrable theoriesBAE are the periodi
ity 
onditions with fa
torized s
atteringseipjR = Qk 6=j S(pk; pj)Two-loop BAE of ABJM are similar to one-loop BAE of N = 4 SYM: up;j + i2Vjup;j � i2Vj
!L = Y(k;q)6=(j;p) up;j � uq;k + i2Mjkup;j � uq;k � i2Mjk

Gromov and Vieira proposed all-loop generalization of Bethe AnsatzEquations imitating BAE of AdS5/CFT4 [Beisert Stauda
her (2005)℄4 Consistent with 
lassi
al string, when �!14 Used the same dressing phase as in AdS5/CFT4
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1= u1 � u2 + i2u1 � u2 � i2 x1 � 1x+4x1 � 1x�4
x1 � 1x+�4x1 � 1x��41= u2 � u2 + iu2 � u2 � i u2 � u1 + i2u2 � u1 � i2 u1 � u3 + i2u1 � u3 � i21= u3 � u2 + i2u3 � u2 � i2 x3 � x+4x3 � x�4 x3 � x+�4x3 � x��4 x+4x�4

!L= u4 � u4 + iu4 � u4 � i x1 � 1x+4x1 � 1x�4 x�4 � x3x+4 � x3 �4;4 �4;�4 x+�4x��4
!L= u�4 � u�4 + iu�4 � u�4 � i x1 � 1x+�4x1 � 1x��4 x��4 � x3x+�4 � x3 ��4;�4 ��4;4Omitted the symbols Qj 6=k and subs
ripts j; k; : : :
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Notation x�(p)= e�ip=2 1 +q1 + 16h(�)2 sin2 p24h(�) sin p2u(p)= 12 
ot p2r1 + 16h(�)2 sin2 p2The fun
tion h(�) is left undeterminedThe energy (anomalous dimension) and higher 
onserved 
harges

E = h(�)Q2 ; Qn = K4Xj=1 qn(p4;j) + K�4Xj=1 qn(p�4;j)qn(p) = in� 1 � 1(x+)n�1 � 1(x�)n�1�
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Asymptoti
 Bethe Ansatz Equations should 
orre
tly 
omputethe � of long operators and the E of spinning stringsDoes it really work? Why?

4 Is quantum string on AdS4�C P 3 integrable?4 Is GV's proposal 
orre
t?4 Are there any rules to derive asymptoti
 BAE?It reminds me of the sudden fall of sto
k pri
es... (N.B.)The magi
 of su(2j2) symmetry is surely one of the reasons. Still weneed more data to believe them. (M.S.)
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4 The AdS4�C P 3 ba
kground preserves 24 supersymmetry4 Partially gauge-�xed Green-S
hwarz a
tion (24 = 32� 8)be
omes sigma model on super
oset

Osp(2; 2j6)=[SO(1; 3)� U(3)℄The a
tionS = �2h R d2� str h
abA(2)a A(2)b � �abA(1)a A(3)b i

where 
ab is worldsheet metri
, andA � �gdg = P3j=0A(j); 
 �A(k) = ikA(k)
[Arutyunov Frolov, Stefanski℄



Algebrai
 
urve for AdS4�C P 3
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Integrability of super
oset ) Classi
al string as an algebrai
 
urveParametrize the bosoni
 
oset

h = �1� 2yyy 00 1� 2zzy� ; (y; z) 2 �SO(2; 3)SO(1; 3) ; SU(4)U(3) �

Bosoni
 part of Green-S
hwarz a
tion,L = �1=2 tr (jAdS)2 + 2 tr (jC P)2 ; j � h�1dh

From Bian
hi identity d � j = 0 and e.o.m. dj + j ^ j = 0,

dJ + J ^ J = 0; J = j + x � j1� x2 ; x 2 C



Algebrai
 
urve for AdS4�C P 3
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Eigenvalues of monodromy matrix are independent of w.s. 
oordinates,
(x) = P exp�I d�J��

' diag �ei^p1; e�i^p1; ei^p2; e�i^p2; 1 ; ei~p1; ei~p2; ei~p3; ei~p4�Constraints on its eigenvalues (quasimomenta) fp(x)g4 P4i=1 ~pi = 0 from unitarity4 The identity h = h�1 relates p(x) with p(1=x)4 Virasoro 
onstraints �x p(x = �1)4 Global 
harges (E; S; J1; J2; J3) �x p(x!1)i.e. Can 
ompute 
harges from a 
onsistent set of fp(x)g
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As the ve
tor representation of Osp(4j6),

(q1 ; q2 ; q3 ; q4 ; q5)= � (q6 ; q7 ; q8 ; q9 ; q10)= � ^p1 + ^p22 ; ^p1 � ^p22 ; ~p1 + ~p2 ; ~p1 + ~p3 ; ~p1 + ~p4�
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String modes$ how to 
onne
t two of ten sheetsLight Bosoni
 C P3 : (3; 5) (3; 6) (4; 5) (4; 6);Light Fermoni
 : (1; 5) (1; 6) (2; 5) (2; 6);Heavy Bosoni
 C P3 : (3; 7);Heavy Bosoni
 AdS4 : (1; 9) (2; 9) (1; 10);Heavy Fermoni
 : (1; 7) (1; 8) (2; 7) (2; 8):Interpret the mode qi � qj as the ex
ita-tion of Bethe roots in betweenThen, by 
onstru
tion, the s
aling limit ofasymptoti
 BAE= Integral equations for quasimomenta
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Semi
lassi
al quantization in the sigma model= Sum over quadrati
 
u
tuation around 
lassi
al ba
kgroundCan we do the same by algebrai
 
urve?1. Regard quantum 
u
tuation asadding poles to the ba
kground 
urve2. Find 
onsistent fqi(x) + Æqi(x)g,in
luding ba
krea
tion3. Quantize the mode numberqi(x(ij)n )� qj(x(ij)n ) = 2�n; n 2 Z�x(ij)n 2 \tiny 
ut" i.e. the pole�4. Sum over the mode number n,and over the sixteen polarizations (i; j) [Gromov Vieira℄
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Whether worldsheet 
al
ulation agrees with BAE:One-loop spe
trumPlane wave X (i :e: 1=J 
orre
tions agree)Folded/
ir
ular string �Giant magnon 4[Gaiotto Giombi Yin, Nishioka Takayanagi, Grignani Harnark Orselli℄[M
Loughlin Roiban, Alday Arutyunov Bykov, Krishnan, Gromov Mikhaylov, M
Loughlin Roiban Tseytlin℄[Gromov Vieira, Shenderovi
h℄One-loop 
orre
tion to the energy of AdS3 folded string:E � S ' �2h� 52� ln 2� lnS; 2h ' p2� for AdS4 � C P3

E � S ' �4g � 32� ln 2� lnS; 4g = p�� for AdS5 � S5Does not agree with GV's 
onje
ture if h(�) = p�=2 +O(1=p�)



Plane-wave spe
trum
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The geodesi
 of AdS4�C P 3[z1 : z2 : z3 : z4℄ = �eit=2 : 0 : 0 : e�it=2� ; E � J1 � J42 = 0

Corresponds to the BPS state of ABJM modelO = tr �Y 1Y y4 Y 1Y y4 � � ��String plane-wave spe
trum:�light= q14 + p2 2 + 2 C P3 modes�heavy= p1 + p2 AdS triplet; C P3 singletwith p = n=P+
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Algebrai
-
urve des
ription of plane-wavespe
trum:Light Bosoni
 C P3 : (3; 5) (3; 6) (4; 5) (4; 6);Light Fermoni
 : (1; 5) (1; 6) (2; 5) (2; 6);Heavy Bosoni
 C P3 : (3; 7);Heavy Bosoni
 AdS4 : (1; 9) (2; 9) (1; 10);Heavy Fermoni
 : (1; 7) (1; 8) (2; 7) (2; 8):



Plane-wave from Spin Chain
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Light modes 
orrespond to the BMN-like operators,On = 1p2J J�1X`=0 e2�i`n=Jtr h(Y 1Y y4 )`X(Y 1Y y4 )J�`Xiwhere X = Y 2Y y4 or X = Y 1Y y3Their anomalous dimensions 
onsistent with GV's 
onje
ture

�� J = �2 �2�nJ �2  2JXi=1
(r14 + 4h2 sin2 pi2 � 12)if pi � 2�n=J ; h � �+O(�2)

Heavy modes are not bound states of two light magnons,But a 
omposite of the two, having the same momentum[Bombardelli Fioravanti,  Lukowski Ohlsson-Sax, Zarembo℄
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4 BAE and the one-loop energy of folded string disagrees4 Try to res
ue by modifying h(�)�h(�) = p�=2� ln 2=(2�) +O(1=p�)4 Still a mismat
h in the one-loop energy of 
ir
ular string[M
Loughlin Roiban Tseytlin℄Classi
al energy (BMN-like expansion)

E0 = S + J + �2J k2u(1 + u) +O ��2J3� ;

u = SJ ; k = winding
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One-loop 
orre
tionE1 = 1=(2�)P1n=�1 e(n); (t = �� )Split the region of summation into two, small n and large nE1 = 1� 1Xn=1 esum(n) + !2� Z 1�1 dx eint(x)where x = n=!; J = �!p2�1. Integration part (odd):Eodd1 = �p� k2u(1 + u)J ln 2 +O �3=2J3 !2. Summation part (even):Eeven1 = � k4u2(1 + u)28J2 �6�(2)� 15k2u(1 + u)�(4) + � � ��+O��2J4�
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The Mismat
h4 Integration (odd) part is same as AdS5/CFT4�E0 + Eodd1 	AdS4�C P3 (S; J; k;p�)

= 12 �E0 + Eodd1 	AdS5�S5 (2S; 2J; k; 2�h(�))

where �h(�) = p�=2� ln 2=(2�) +O(1=p�)

4 Summation (even) part di�erent. They agree if we repla
eP1n=1 esum(n) �! 2P1n=1 esum(2n+ 1)Su
h regularization looks unnatural in view of worldsheet



Giant magnons
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4 Giant magnons are solutions of the de
ompa
ti�ed worldsheet� � � + 2��; �!14 There are two types of giant magnons in AdS4�C P 3

�C P1 = r14 + 4h2 sin2 ��2 ; �RP2 = r1 + 16h2 sin2 ��4under the b.
. �z1z4 ; z2z4 ; z3z4�! �eit�i��=2; 0; 0� as � ! �1

4 Limit of the de
ompa
ti�ed spe
trum) Plane-wave spe
trumTake h!1 with p = h�� �xed�C P1 ! �light = q14 + p2 ; �RP2 ! �heavy = p1 + p2



Giant magnons
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Quantization by algebrai
 
urve favors another `unnatural' regularization

xheavy2n = xlightn $ !heavy2n = 2!lightnOne-loop 
orre
tions to the energy of both GMs vanish, e.g.�EC P1 � J1 � J42 � = p2� sin p2 +O � 1p��Consistent with
�C P1 = r14 + 4h2 sin2 p2 ; h(�) = p�=2 + 0 +O �1=p��

(Note: the BPS relation does not �x h(�)) [Shenderovi
h, Gromov Mikhaylov℄
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Classify giant magnons in the AdS4�C P 3 string$ BPS (and possibly non-BPS) states of in�nite-size spin 
hain4 Elementary ex
itations$ C P 1 GM and R P 2 GMY 1Y y4 ! X and Y 1Y y4 ! Y 2Y y3 ; (X = Y 2Y y4 or Y 1Y y3 )

4 Boundstates of C P 1 and R P 2 (be
ome C P 2 and R P 3)(Y 1Y y4 )Q ! XQ and (Y 1Y y4 )Q ! (Y 2Y y3 )Q4 S
attering states of the above
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Classify giant magnons in the AdS4�C P 3 string$ BPS (and possibly non-BPS) states of in�nite-size spin 
hain4 Elementary ex
itations$ C P 1 GM and R P 2 GMY 1Y y4 ! X and Y 1Y y4 ! Y 2Y y3 ; (X = Y 2Y y4 or Y 1Y y3 )

4 Boundstates of C P 1 and R P 2 (be
ome C P 2 and R P 3)(Y 1Y y4 )Q ! XQ and (Y 1Y y4 )Q ! (Y 2Y y3 )Q4 What sort of string solutions 
orrespond to neutral modes?(Y 1Y y4 )Q ! ZQ; Z = Y 1Y y1 or Y 4Y y4



Finding solitons

23 / 27

Te
hniques for solving 2d 
lassi
ally integrable �eld theoriesPohlmeyer's redu
tion on C P 3 � S7=U(1) � C 4[Pohlmeyer, Lund Regge℄1. Choose U(1)-invariant orthonormal basis f~vkg of C 42. Di�erentiate the basis ve
tors, expand them by basis ve
tors�a~vk = Ma � ~vk3. Compatibility 
onditions give (generalized) sine-Gordon(DaDb �DbDa)~vk = �iFab~vk4. Solution of redu
ed system linearizes the string e.o.m.D2azi � [
os(u)=4℄ zi = 0; 
os(u)=4 = � jDazkj2However, the redu
ed sG system is too 
ompli
ated for R � C P 2
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Te
hniques for solving 2d 
lassi
ally integrable �eld theoriesDressing Method[Zakhalov Mikhailov, Zakhalov Shabat, Harnad Saint-Aubin Shnider℄ [Sasaki, Antoine Piette, Piette℄Embed C P 3 into the 
oset SU(4)=U(3) (or SO(6)=U(3))Consider auxiliary linear problem () e.o.m. dJ + J ^ J = 0)��� � ��g � g�11� x � (x) = 0; g =  (x = 0) 2 SU(4)U(3)under the following 
onstraintsUnitarity [ (�x)℄y (x) = 1Inversion symmetry  (1=x) = g� (x)�; � = diag (1;�1;�1;�1)whi
h follow from gyg = 1 and g�1�g = ��g g�1�
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Te
hniques for solving 2d 
lassi
ally integrable �eld theoriesDressing Method[Zakhalov Mikhailov, Zakhalov Shabat, Harnad Saint-Aubin Shnider℄ [Sasaki, Antoine Piette, Piette℄Try to 
onstru
t new solution from the known solution~ (x) = �(x) (x)Most (but not all) solutions follow from the following Ansatz

�(x) = 1 + NXi=1 XiF yix� xi ; Xi ; Fi : ve
tors

The simplest dressing matrix for SU(4)=U(3) has two poles,at x = x+1 ; 1=x+1
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~z1 = ei�=22p2�z "
os2 �10�� eX sin�x+1 + e�X sin�x�1x+1 � x�1 + e�iT 
os� �e2iT 
os� + x+1 x�1 �x+1 x�1 � 1 1A

� 2 sin2 �1 �(x+1 )2 � 1�x�1(x+1 � x�1 )(x+1 x�1 � 1) #~z2 = � sin 2�12�z 
osh�X sin�� iT 
os�2 � ; ~z3 = 0

~z4 = e�i�=22p2�z "
os2 �10�� e�X sin�x+1 + eX sin�x�1x+1 � x�1 + e�iT 
os� �1 + e2iT 
os�x+1 x�1 �x+1 x�1 � 1 1A

� 2 sin2 �1 �(x+1 )2 � 1�x�1(x+1 � x�1 )(x+1 x�1 � 1) #�z = (x+1 x�1 " sin2 �1 � 
os2 �1 
os(T 
os�)x�1 x+1 � 1 !2 � sin2 �1 + 
os2 �1 
osh(X sin�)x+1 � x�1 !2#)1=2

(X; T ) are worldsheet 
oordinates (�; �) after Lorentz boost. The velo
ity and � are fun
tions of x�1
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All solutions obey the dispersion (h = p�=2)

E � J1 � J42 = hi (x+1 � 1x+1 � x�1 + 1x�1
) ; J2 = J3 = 0

= rn2 + 16h2 sin2 p2 ; x�1 = e(�ip+q)=2whi
h should 
orrespond to neutral modesRedu
e to the R P2 giant magnons when �1 ! ��=4; ���x�1 ���! 1(Be
ause 
lassi
al string 
annot distinguish Y 1Y y4 ! Y 2Y y3 from! Y 1Y y1 )Some questions remain unanswered:4 Are they BPS or non-BPS? What is h(�)?4 How to 
onstru
t C P2 DGMs? And their s
attering states?
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We reviewed:4 Re
ent developments of AdS4/CFT3 
orresponden
e4 Proposal of Asymptoti
 Bethe Ansatz Equations4 Classi
al/One-loop tests of BAE from string worldsheetOn top of them, this work fo
used on also [Hollowood Miramontes, Kalousis Spradlin Volovi
h℄4 Constru
tion of soliton solutions

E � J1 � J42 = rn2 + 16h2 sin2 p2 ; J2 = J3 = 0

Hoping to 
larify: States of in�nite-size spin 
hain$Spe
trum of de
ompa
ti�ed worldsheet
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Future dire
tions4 Dyoni
 solutions still under way [Abbotto, Ani
eto, Ohlsson Sax℄4 S
attering phase agree with BAE?4 Dressing phase?4 Finite-size 
orre
tions?
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