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Integrability helps compute the (connected, planar) n-point functions

Single-trace operator = Bethe Ansatz eigenstate

O(x) = tr (ZXZ . . . ) + tr (ZZX . . . ) + . . .
<latexit sha1_base64="rma+CuX+g1fYF4T0Ts9MzsPi8uc="></latexit>

� = Nc g
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YM (Nc ! 1)

<latexit sha1_base64="TYr6pL1amzwcPUFIs2uh2ku/OnM="></latexit>

4D N=4 Super Yang-Mills (N=4 SYM) with U(Nc) or SU(Nc) gauge group 
in the planar limit is (expected to be) integrable

Motivation



2-point: hO(x)O(0)i = |x|�2�O
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n-point:   = Hexagon bootstrap

[Basso, Komatsu, Vieira] (2015) [Fleury, Komatsu] (2016) [Bargheer, Caetano, Fleury, Komatsu, Vieira] (2017)

Integrability helps compute the (connected, planar) n-point functions

4D N=4 Super Yang-Mills (N=4 SYM) with U(Nc) or SU(Nc) gauge group 
in the planar limit is (expected to be) integrable



Motivation (cont’d)
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(         )4 + corrections

3-point:

4-point:

`ij = O Q7 qB+F +QMi`�+iBQMb #2ir22M Oi,Oj
<latexit sha1_base64="Ggp2wTpnIEEqRrht4XM9pABr82Q="></latexit>

q`�TTBM; +Q``2+iBQMb ⇠ �2`ij (� ⌧ 1)
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Corrections may be singular for extremal n-point (`ij = 0)
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➤ Mixing between single- and multi-trace states 
➤ Connected n-pt ~ O (1/Nc n-2) ~ knows non-planar effects

Why?

Corrections may be singular for extremal n-point (`ij = 0)
<latexit sha1_base64="hcyI2pvSklq0rK/xDuCPhETs63A="></latexit>

Motivation (cont’d)



1/Nc expansion ⇒ g > 0Study Σg,n

Boundary of moduli space ⇒ n > 2Study Mg,n

To study non-planar effects, needs two-parameter (g,n) space

e.g.  Σg=1,n-2 degenerates to Σg=0,n  in the moduli space Mg,n



Main Questions

Find formulae of the non-planar multi-trace n-point 

Clarify the relation between the single-trace n-point and 

the moduli space of Riemann surfaces from gauge theory 

(AdS/CFT)



Relate Permutations and Riemann surfaces!

Old ideas

[BPS correlators] 
   Permutations ~ c = 1 Matrix Models  

(→ 2d Yang-Mills →TQFT ) →Riemann surfaces

[Belyi map]

(�0 ,�1 ,�1) 2 SL (L ! 1) ! CP1 rBi? j TmM+im`2b
<latexit sha1_base64="baFRxgGD5IcrUtYrywXHMCc1vmE="></latexit>

Around each puncture, ! permutes the L sheets of complex plane

Relevant in arithmetic geometry,  
but unclear if this idea is useful for physics

de Mello Koch, Ramgoolam (1002.1634) 
From Matrix Models and Quantum Fields to Hurwitz Space and the absolute Galois Group

Gopakumar, Pius (1212.1236)



Tree-level  
Multi-trace  
Correlators



Notation
Define permutation basis for general scalar multi-trace operators  

of N=4 SYM  (or any gauge theory with adjoint matters)

Multi-trace structure of O = Cycle type of permutation α

2X;X .Qm#H2@i`�+2 $ ↵ = (1, 2, . . . , J)(J + 1, J + 2, . . . , L) 2 ZJ ⇥ ZL�J
<latexit sha1_base64="oZP+PBgaBWIqbT7s3/M3wfCklvc="></latexit>

O
A1A2...AL
↵ = trL(↵�A1�A2 . . .�AL)

⌘

NcX

a1,a2...,aL=1

(�A1)a1
a↵(1)

(�A2)a2
a↵(2)

. . . (�AL)aL
a↵(L)
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h�F2 ↵ 2 SL = avKK2i`B+ ;`QmT Q7 Q`/2` L
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Tree-level 2-point in permutation basis:

CL(�) = O Q7 +v+H2b BM � 2 SL, CL(id) = CL

⇣
(1)(2)(3) . . . (L)

⌘
= L

<latexit sha1_base64="f/v3y+kc0Ekj3yC3nBPOILptrKI="></latexit>

hO
~A
↵ (x)O

~B
� (0)i =

X

�2SL

 
LY

p=1

gA
��1(p)

Bp

|x|2

!
NCL(↵��1��)

c
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Sum over Wick contractions = Permutation
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➤ Straightforward to compute extremal n-point (
Pn�1

i=1 Li = Ln)
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Sum over Wick contractions = Permutation
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➤ General non-extremal n-point has never been computed

amK Qp2`
n
`ij 2 Z�0

���
X

j 6=i

`ij = Li

o
(7Q` n � 4)
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(
Pn�1

i=1 Li = Ln)
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Sum over Wick contractions = Permutation

Main Problem

➤ Straightforward to compute extremal n-point
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➤ Straightforward to compute extremal n-point



Edge-based formula
Several formulae are derived in different ways. Here is one:

1) Define the extended operator

L = 1
2

Pn
i=1 Li = hQi�H O Q7 qB+F

<latexit sha1_base64="qSY7Eqr8CQvC0cp0kplGfSbuHEk="></latexit>

Ôi ⌘ O↵i ⇥ tr (1)L�Li ⌘
QL

p=1(�
Â(i)

p )ap
a↵̂i(p)

, (↵̂i 2 SL)
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(Li → L)
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2) Introduce n-tuple Wick contraction

(�Â1)b1
a1

(�Â2)b2
a2

(�Â3)b3
a3

. . . (�Ân)bn
an

= hÂ1Â2...Ân �b2
a1

�b3
a2

. . . �bn
a1

<latexit sha1_base64="J7OCQx7NAtvlcrh6qujCWnrLvRI="></latexit>

1[m�H iQ gAiAj |xi � xj|�2 B7 Âk = 1 (k 6= i, j)
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(Li → L)
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an
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3) Take all n-tuple Wick contractions, individually specified by

(W12 ,W23 , . . . ,Wn1) 2 S⌦n
L , W12 W23 . . . Wn1 = 1

<latexit sha1_base64="ssLEXO1yLYBrpkFFrilT+kx4tVw="></latexit>

(Li → L)



Edge-based formula (cont’d)

*
nY

i=1

Oi(xi)

+
=

1

L!
Qn

i=1(L � Li)!

X

{Ui}2S⌦n
L

Hn NCL(↵̌1 ↵̌2 ... ↵̌n)
c
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Wij = Ui U
�1
j , ↵̌k = U�1

k ↵̂k Uk , Ǎ(k)
p = Â(k)

Uk(p)
<latexit sha1_base64="G9Dn09F2RU5nm+dttF0VyFU3v0g="></latexit>

Tree-level n-point in permutation basis:

Flavor factor:

Notation:

Hn =
QL

p=1 hǍ(1)
p Ǎ(2)

p ...Ǎ(n)
p

<latexit sha1_base64="Ee5wTVc4/L67Rdbp7y9KwZSvahs="></latexit>

α4

α1

α2

α3

η1 η2

α5

Pants decomposition:



Correlators and 
Moduli space



Decorated Moduli Space

Mg,n
HQ+�HHv⇠ Cn�3+3g, Mg,n '

8
>><

>>:

{z4, . . . , zn} (g = 0)

{z2, . . . , zn} [ {⌧} (g = 1)

{z1, . . . , zn} [ {µ1, . . . , µ3g�3} (g � 2)
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Difficult to construct & integrate over Mg,n of Riemann surface Σg,n
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➤ Consider the decorated moduli space (extra n parameters) 
➤ We can specify the complex structure of Σg,n uniquely by the 

Jenkins-Strebel quadratic differential

' = �
L

2
i

4⇡2

dz
2

(z � zi)2
+ O(|z � zi|�1), (i = 1, 2, . . . , n)

<latexit sha1_base64="DgjMjAeifmL1oRNPox4o6gsVbd0="></latexit>

(~ classical stress-energy tensor on worldsheet)

[Jenkins, Strebel, Harer, Mumford, Thurston, …]
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➤ Consider the decorated moduli space (extra n parameters) 
➤ We can specify the complex structure of Σg,n uniquely by the 

Jenkins-Strebel quadratic differential

Difficult to construct & integrate over Mg,n of Riemann surface Σg,n

Z p
' $ .m�H H2M;i? #2ir22M TmM+im`2b
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= Discretized moduli space of Riemann surfaces Mg,n

Moduli space from Gauge theory
amK Qp2`

n
`ij 2 Z�0

���
X

j 6=i

`ij = Li

o
(7Q` n � 4)
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[Gopakumar, Aharony, Komargodski, Razamat, David, Charbonnier, Eynard, …]

Idea
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[Gopakumar, Aharony, Komargodski, Razamat, David, Charbonnier, Eynard, …]

Idea

O1 O3

O2 O4
O2 O4

O3O1

7′
2

72

6′
1

61

5′
1

51

4′
1

41 3′
1

31

2′
2

22

1′
1

11

2

2
1

1
1

1
1

Apply a skeleton reduction to Feynman graphs (not unique),  
and count the number of consecutive Wick contractions 

→ (connected) metric ribbon graph

Moduli space from Gauge theory



Correlator as Moduli space
JS length ↔ Decorated moduli space Σg,n 

Sum over the number of Wick contractions {l ij}  

     ↭ Decorated moduli space in gauge theory via 1/Nc expansion



Correlator as Moduli space
JS length ↔ Decorated moduli space Σg,n 

➤ The dimensions of both moduli spaces agree:

Sum over the number of Wick contractions {l ij}  

     ↭ Decorated moduli space in gauge theory via 1/Nc expansion

Mg,n ⇠ Cn�3+3g, Mgauge
g,n ({Li}) ⇠ Zn�3+3g (`ij � 1)
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Self-contractions are forbidden in gauge theory, unlike matrix models

Correlator as Moduli space
JS length ↔ Decorated moduli space Σg,n 

➤ The dimensions of both moduli spaces agree:

➤ The “gauge” moduli is a proper subset of the “string” moduli

Mgauge
g,n ({Li}) ( Mg,n
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     ↭ Decorated moduli space in gauge theory via 1/Nc expansion

Mg,n ⇠ Cn�3+3g, Mgauge
g,n ({Li}) ⇠ Zn�3+3g (`ij � 1)

<latexit sha1_base64="oq8AuTSr4NisUzOoPMS1LYKUSkk="></latexit>



Self-contractions are forbidden in gauge theory, unlike matrix models

Correlator as Moduli space

Sum over the number of Wick contractions {l ij}  

     ↭ Decorated moduli space in gauge theory via 1/Nc expansion

JS length ↔ Decorated moduli space Σg,n 

➤ The dimensions of both moduli spaces agree:

➤ The “gauge” moduli is a proper subset of the “string” moduli

Mgauge
g,n ({Li}) ( Mg,n

<latexit sha1_base64="WWw9ywPYbT2IISeNj6jrnlNWQwQ="></latexit>

Flavor data decouple from color data in the correlators 
AdS/CFT:  Differential = Stress-energy tensor?

Mg,n ⇠ Cn�3+3g, Mgauge
g,n ({Li}) ⇠ Zn�3+3g (`ij � 1)

<latexit sha1_base64="oq8AuTSr4NisUzOoPMS1LYKUSkk="></latexit>



Quiver Calculus



Multi-trace from Permutation
Non-planar BPS states are not single-traces, but a sum of multi-traces

representation basis permutation basis

SL : symmetric group

χR : character in the representation R [Corley, Jevicki, Ramgoolam (2001)]

O
R(Z) =

X

↵2SL

�R(↵) trL(↵Z⌦L)
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Why the representation basis is good? 
How to define general scalar scalar multi-trace operators 

      in the representation basis?



Tree-level 2-pt revisited

Element of abstract group (quantum)

" function

Character decomposition

O↵ 2 >BH# ) ↵ 2 SL
<latexit sha1_base64="dWBVmxchuntYNwge3kkLIUMeuF0="></latexit>

Matrix elements of an irreducible representation R (classical)DR
ij(↵)
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(
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Matrix elements of an irreducible representation R (classical)DR
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⇒  Evaluate two-point functions for any Nc

�L(↵) =

(
1 B7 ↵ = A/
0 Qi?2`rBb2
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hO
R(Z)OS(Z)i ⇡ NL

c �RS
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Quiver calculus

General operators ⇒ General “restricted” characters 

[de Mello Koch, Smolic, Smolic] (hep-th/0701066) [Paskounis, Ramgoolam] (1301.1980),  [Mattioli, Ramgoolam] (1601.06086)

O
m,n
↵ = tr L(↵ W⌦mZ⌦n)

<latexit sha1_base64="VI4r/bhnYBrz1zVY7zBWKIkljng="></latexit>

Permutation basis for “simplest” non-BPS operators

↵ 2 Sm+n KQ/ +QMDm;�+v +H�bb Q7 � 2 Sm ⇥ Sn
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Quiver calculus

General operators ⇒ General “restricted” characters 

[de Mello Koch, Smolic, Smolic] (hep-th/0701066) [Paskounis, Ramgoolam] (1301.1980),  [Mattioli, Ramgoolam] (1601.06086)

O
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↵ = tr L(↵ W⌦mZ⌦n)
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Permutation basis for “simplest” non-BPS operators

↵ 2 Sm+n KQ/ +QMDm;�+v +H�bb Q7 � 2 Sm ⇥ Sn
<latexit sha1_base64="0xNJ7lY386YTI0nr/E2Q9hRDm9Y="></latexit>

� ⌧DR
IJ(�⌧) =

dRX

K=1

DR
IK(�)D

R
KJ(⌧) =

I

J

=

�

⌧

I

J

�DR
IJ(�) =

I

J

= ��1

J

I

Introduce “quiver diagrams” for the representation matrices

Computation using quivers



Quiver calculus
[de Mello Koch, Smolic, Smolic] (hep-th/0701066) [Paskounis, Ramgoolam] (1301.1980),  [Mattioli, Ramgoolam] (1601.06086)

��R(�) = �R(��1) = ��R(r1,r2)(⌫+,⌫�)(�) =

⌫+

⌫�

��1=

⌫�

⌫+

Introduce branching coefficients to the irreps of Sm × Sn

⌫BR!(r1,r2)⌫
I!(i,j) =

I

i j

= ⌫

i j

I

R =
M

⌫

(r1 ⌦ r2)⌫
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Characters and restricted characters

After various identities, tree-level 2-pt is diagonalized



Use of restricted characters

2. Quiver calculus generalizable to non-extremal n-pt

1. Representation basis solves finite Nc constraints

3. Non-diagonalizable observables in complex multi-matrix model

Cut-off for the height of irreps (not more than Nc)

F[i1i2...iN+1] = 0 B7 1  ik  N
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(work in progress)

hO1O2i ⇠

Z
[DZDZDWDW ] e�tr (ZZ+WW ) tr (ZWZW ) tr (ZZWW )
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On the diagonal basis of Z, W has generally off-diagonal elements



Conclusion 
and 

Outlook



Studied n-point functions of gauge theory

Conclusion and Outlook

Obtained the edge-based formula (like closed string)

Obtained the discretized moduli space Mg,n (like open string)

=         :  open-closed duality

Application to AdS/CFT?

1/Nc or finite Nc effects of n-point  
Simplest four-point correlator at tree-level (Octagon frame)

Coronado (1811.00467)



Thank you



Tree-level 2-pt revisited
Tree-level 2-point in permutation basis:

hO
~A
↵ (x)O

~B
� (0)i =

X

�2SL

 
LY

p=1

gA
��1(p)

Bp

|x|2

!
NCL(↵��1��)

c
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~B
� = tr L(�Z

⌦L
)
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Choose half-BPS ops
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Choose half-BPS ops

In the large Nc limit,

hO↵O�i ⇡

X

�2SL

NL
c �L(��

�1↵�), �L(�) = 1 Bz � = 1
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Any class function is a linear combination of irreducible characters

�L(�) =
X

R`L

dR

L!
�R(�), dR = dim(SL B``2T R)
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<latexit sha1_base64="c6tO8EZcrzQqoh9jnxGuRffA8nA="></latexit>

Thus

Apply the grand orthogonality theorem

X

�2SL

DR
ij(�)D

S
kl(�

�1) =
L!

dR
�il�jk�

RS
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DR
ij(�) : K�i`Bt 2H2K2Mib (i, j) Q7 � BM B``2T R

<latexit sha1_base64="I1WjWF/veZWJ8PepsuhByKpRy2Y="></latexit>



hO↵O�i ⇡

X

�2SL

NL
c

X

R`L

dR

L!
�R(���1↵�)

<latexit sha1_base64="c6tO8EZcrzQqoh9jnxGuRffA8nA="></latexit>

Thus

Apply the grand orthogonality theorem

X

�2SL

DR
ij(�)D

S
kl(�

�1) =
L!

dR
�il�jk�

RS

<latexit sha1_base64="sgOfYdhtVzO7J9nBlXucOAA7ZSA="></latexit>

DR
ij(�) : K�i`Bt 2H2K2Mib (i, j) Q7 � BM B``2T R
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to get hO↵O�i ⇡

X

R`L

NL
c �R(↵)�R(�)

<latexit sha1_base64="1q4ycerLyI6PQheXTB3MxZFN724="></latexit>

The character orthogonality says that 2-pt in rep. basis is orthogonal

hO
R(Z)OS(Z)i ⇡ NL

c �RS
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