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Introdu
tion
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Malda
ena Conje
tureMalda
ena, Adv.Theor.Math.Phys. 2 (1998)
Closed stringOpen string

Interacting Stringy Theory Blackbrane geometry

Near-horizon limit

Superstring on AdS5 x S5N=4 SU(N) Super Yang-Mills

N D3-branes

Coupling 
onstants: if g2YM = gstr,l = Ng2YM (� 1) and l = Ngstr = R4/a02 (� 1) � p.3



Basi
 Questions

Is Malda
ena 
onje
ture(
alled AdS/CFT 
orresponden
e)really 
orre
t?

If gauge theory and string theory
an des
ribe the same physi
s,then how both are related,under the strong/weak duality? � p.4



Mat
hing Global Symmetry

N = 4 SYM v.s. Superstring on AdS5 � S5

psu(2, 2j4) �bosoni
 so(2, 4)� so(6)

R symmetry  ! Isometry of S5so(6)R Cartan : (J1 , J2 , J3)

Conformal symmetry  ! Isometry of AdS5so(2, 4) Cartan : (D or E , S1 , S2) � p.5



The Spe
trum of Both Theories

Gauge Theory (CFT)� Eigenstates of Dilatation operator DhO�i (x)Oi(y)i � 1/ jx� yj2Di

Quantum effe
ts mix different operators) Dilatation operator be
ome matrix Dij

String Theory (AdS)� (Classi
al) string states on AdS5� S5

� p.6



Corresponden
e of the Spe
trum

Gauge theory

O = tr hFi1Fi2i+ � � �

O0 = tr hFi1Fi2Fi3Fi4i+ � � �

O00 = tr hFi1Fi2 . . .FiLi+ � � �
$

String theory

S5

R

Predi
tion of the Malda
ena 
onje
tureProvide strong eviden
es by themselves
� p.7



Corresponden
e of the Spe
trum

Gauge theory String theory

D(l; Ji , fxagaugeg) $ E(l; Ji , fxastringg)

Need to know whi
h 
orresponds to whi
hShould 
onsider a family of operators/strings

To know how to identify extra parameters:

xagauge = f a �fxbstringg� � p.8



Se
tion 2

Review of AdS/CFT

with Integrability
� p.9



SYM Operator as Spin Chain

Complex s
alars of N = 4 SYM :�Z,W,X, Z,W,X�

Consider the su(2) se
tor, (L = J1 + J2),O � tr [ZZ . . .WZ . . .WZ℄ + � � � D � O = DOOjOi � tr [" " . . . # " . . . # " ℄ + � � � H jOi = EO jOiDilatation operator D(l) (at 1-loop)$Hamiltonian of (XXX1/2) integrable spin 
hainMinahan, Zarembo, JHEP 0303 (2003) � p.10



Diagonalize D using Integrability

1. Ansatz for the eigenstates of DO � åx1<x2 neip1x1+ip2x2 + S(p2, p1)eip2x1+ip1x2o j...ZWZ ...WZ ...i

2. Periodi
ity 
ondition = Bethe Ansatz

D = J2åj=1 l2p2 1u2j + 14 , eipjL = J2Õk 6=j uj � uk + iuj � uk � i , uj � 12 
ot� pj2 �

3. Thermodynami
 limit (� Integral equation)) Solution as an algebrai
 
urve � p.11



Classi
al Integrability of Strings

1. Rewrite e.o.m. on Rt� S3 in Lax-pair formE.o.M. ( [¶s � L(x), ¶t �M(x)℄ = 0 8x 2 CP1

2. Monodromy matrix de�nes spe
tral 
urve

W(x) � ¯P exp�I ds L(x; t, s)� , det (y 12 �W(x)) = 0

3. Constraints on p(x), W(x) � diag �eip, e�ip�
� p.12



Comparison of Integrability

Gauge theoryDiagonalize Dby Bethe AnsatzRapidity �xL � u = 12 
ot � p2 �
String theoryRewrite e.o.m.in Lax-pair formQuasi-momentum p(x)

Introdu
e the density �r( �x) and r(x), (& res
ale x)

D� L = l8p2L IC d �x �r( �x)�x2 $ l8p2 J IC dx r(x)x2 = E� J

Formal agreement at one-loop in �l � l/J2Kazakov, Marshakov, Minahan, Zarembo, JHEP 0405 (2004) � p.13



Corresponden
e at L(or J) = ¥Beisert, hep-th/0511082Bethe Ansatz 
onje
tured to all orders in l

Dispersion for an elementary magnon

#1(p) = r1+ lp2 sin2 � p2�Q-magnon boundstate : #Q(p) = rQ2 + lp2 sin2 � p2�The su(2j2)2 invariant two-body S-matrix�S(x�, y�) = S0 h �Ssu(2j2)L 
 �Ssu(2j2)RiInput in su(2) se
tor & Symmetry! The su(2j2)2 S-matrix � p.14



Se
tion 3

Sine-Gordon
and Classi
al Strings

[Okamura, R.S.℄ Phys. Rev. D75 (2007) 046001
� p.15



On Classi
al String Solutions

Different ways of 
omparison in different limits:Folded spinning string$ Symmetri
 2-
ut sol.

Gubser, Klebanov, PolyakovNu
l. Phys. B636 (2002)Frolov, Tseytlin, Phys. Lett. B570 (2003)
(Dyoni
) giant magnonE� J1 = #1(p) and E, J1 = ¥

Hofman, Malda
ena, J. Phys. A39 (2006)Chen, Dorey, Okamura, JHEP 0609 (2006) � p.16



Perspe
tive from Sine-Gordon

Classi
al string on Rt� S2 �! sine-Gordon solution

Heli
al-wave at rest
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` = 4K(k) Periodi
ity ` = K(1) = ¥v = 0 Velo
ity v = 
os(p/2) � p.17



Pohlmeyer-Lund-Regge Redu
tion

String e.o.m. on S3, with (x1 , x2) � (X1+i2 ,X3+i4)¶a¶a~x + �¶a~x� � ¶a~x�~x = 0

De�ne y � 
os(a2 )e i b2 , with Ki � eijklX j¶+Xk¶�Xl


os a � �¶+~X � ¶�~X, ¶�b sin2 �a2� � �12 ¶2�~X � ~K

~x (t, s): any 
lassi
al string solution on Rt� S3)y (t, s) solves Complex sine-Gordon equations
� p.18



The Solution Conne
ting Them

Complex sine-Gordon (CsG) Model:

L = � ¶ty� ¶ty+ ¶sy� ¶sy1� y�y + y�y

) Solutions with general k and v exist

Can 
onstru
t 
orresponding 
lassi
al strings?! Consider the inverse of PLR redu
tiony
n: heli
al wave sol.  ~x : �Heli
al string"
� p.19



Heli
al Spinning Strings

Spa
etime pro�le of type (i) solution:
Helical string

Folded stringwith J1 , J2 6= 0 Dyoni
 Giant Magnonswith J1 ! ¥, J2 6= 0 � p.20



Charges and Winding Numbers

Parameters: (k , v , u1 , u2)$ (J1 , J2 ,N1 ,N2)E = na �1� v2�K

J1 = nC2 u1k2 ��E+�dn2(iw1) + vk2u1 i sn(iw1) 
n(iw1)dn(iw1)�K�

J2 = nC2 u2k2 �E+ (1� k2)� sn2(iw2)
n2(iw2) � vu2 i sn(iw2)dn(iw2)
n3(iw2) �K�2pN1n = 2K (�iZ0(iw1)� vu1) + (2n01 + 1)p2pN2n = 2K (�iZ2(iw2)� vu2) + 2n02p

� p.21



Finite-Gap interpretationVi
edo, arXiv:hep-th/0703180Heli
al strings = General 2-
ut FG solutions
x

+1-1

x1

x2

x

+1-1

x1=x 2

x

+1-1

x1x2
Helical string

Dyonic Giant MagnonFolded string

� p.22



On Gauge Theory Dual

FG sol. $ Algebrai
 
urve from Bethe Ansatz
� p.23



Se
tion 4

Finite-Size Effe
ts
[Hatsuda, R.S.℄ hep-th/0801.0747

� p.24



The All-loop Bethe Ansatz

Corresponden
e at in�nite L:
(Classical) AdS (Perturbative)CFT

Conjectured Bethe Ansatz

(Dispersion and S-matrix)� � � breaks down at �nite L, be
ause

Wrapping intera
tion starting at O (lL)Exponential 
orre
tion (1-loop in l�1/2) � e�
J � p.25



Beyond the All-loop Bethe Ansatz

How to 
he
k AdS/CFT at �nite L?
(Classical) AdS (Perturbative)CFT

Effective Field Theory

(Generalized Luscher formula)Use information of the in�nite-L theory (exa
t in l)to predi
t the leading L < ¥ 
orre
tion
� p.26



On Exponential Corre
tions

Finite-J 
orre
tion to giant magnon is � e�
J[Arutyunov, Frolov, Zamaklar℄, [Astol�, Forini, Grignani, Semenoff℄Can Evaluate in two ways Janik, �ukowski, Phys. Rev. D76 (2007)Asymptoti
s of 
lassi
al stringsThe generalized Lüs
her formula

The leading 
orre
tion to dyoni
 giant magnon:

d [E� J1℄ = �a0 + 1pl a1 + � � �� e�
J1 +O �e�
0 J1�
� p.27



The generalized Lüs
her formula

d#a(p) $ �nite-size self-energy SL(p)$ [a+ b! a+ b℄ s
attering pro
ess

a a

b

c

p

q   -sp

(1-s)p   +q

p

L

a

b

b

a

c

a

a

b c

b, 
 on-shell) Poles of the su(2j2)2 S-matrix

d#ma = � ����� 1� #0Q(p)#01( �q�)
! e�i( �q�+sp)L Resq= �qåb Sbaba(q�, p)����� � p.28



Relevant Poles and the Residues

Criteria for the relevan
e of a pole:Gives the smallest jIm pbj with Im pb < 0Comes from the s- or t-type diagram! Y� = X+ (s-
hannel) and Y+ = X+ (t-
hannel)Consisten
y of the Landau-Cutkosky diagram! t-
hannel 
ontribution is a half of s-
hannel

ppl d#ma = �4 sin3( p2 )
osh( q2 ) exp "� 2 sin2( p2 ) 
osh2( q2 )sin2( p2 ) + sinh2( q2 )  L�Qsin( p2 ) 
osh( q2 ) + 1!#
� p.29



Comparison with heli
al string

Evaluate 
harges at k � 1, Dj1 � p1 , sinh � q2� � J2sin( p12 )E � J1 � rJ 22 + sin2 � p12 �

� 4 sin3 � p12 �
osh � q2� exp24� 2 sin2 � p12 � 
osh2 � q2�sin2 � p12 �+ sinh2 � q2�
0� J1sin � p12 � 
osh � q2� + 11A35

Both sides agree if (in spin 
hain frame)J1 + J2 $ L, J2 $ Q, Dj1 � p1 $ pThe limit Q! 0 (q ! 0) 
oin
ides with Janik & �ukowski
� p.30



Se
tion 5

Summary and Outlook

� p.31



Summary
Reviewed AdS/CFT 
orresponden
efrom integrability-based approa
h

Constru
ted heli
al spinning strings(= general 2-
ut �nite-gap solution)

Computed �nite-size 
orre
tionto dyoni
 giant magnon
� p.32



Outlook
Towards �nite-size effe
ts exa
t in L
.f. Thermodynami
 Bethe AnsatzZamolod
hikov, Nu
l. Phys. B342 (1990)Arutyunov, Frolov, arXiv:0710.1568 [hep-th℄$ Wrapping effe
ts �� lL� at weak 
oupling?Quantum superstring on AdS5 � S5Lüs
her formula agrees with known 1-loop results?Is there quantum integrability?. . .Many questions worth investigation! � p.33


	Large {color {blue} Plan of Presentation}
	Section 1
	Maldacena Conjecture
	Basic Questions
	Matching Global Symmetry
	The Spectrum of Both Theories
	Correspondence of the Spectrum
	Correspondence of the Spectrum
	Section 2
	SYM Operator as Spin Chain
	Diagonalize $Delta $ using Integrability
	Classical Integrability of Strings
	Comparison of Integrability
	Correspondence at $L ({
m or} J)
= infty $
	Section 3
	On Classical String Solutions
	Perspective from Sine-Gordon
	Pohlmeyer-Lund-Regge Reduction
	The Solution Connecting Them
	Helical Spinning Strings
	Charges and Winding Numbers
	Finite-Gap interpretation
	On Gauge Theory Dual
	Section 4
	The All-loop Bethe Ansatz
	Beyond the All-loop Bethe Ansatz
	On Exponential Corrections
	The generalized L"uscher formula
	Relevant Poles and the Residues
	Comparison with helical string
	Section 5
	Summary
	Outlook

